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Measurement Induced Non-Locality was introduced by Luo and Fu as a measure of non-locality 
in a bipartite state. In this paper we will discuss monogamy property of measurement induced 
non-locality for some three and four qubit classes of states. Unlike discord, we find quite surprising 
result in this situation. Both the generalized GHZ and W states satisfy monogamy relations in 
the three qubit case, however, in general there are violations of monogamy relations in both the 
GHZ-class and W-class states. In case of four qubit system, monogamy holds for most of the states 
in the generic class. Four qubit GHZ does not satisfy monogamy relation, but W-state does. We 
will also extend our results of generalized W-class to n-qubit. 

PACS numbers: 03.67.Hk, 03.65. Ud, 03.65.Ta. 



I. INTRODUCTION 
(N 

Non- locality is in the heart of quantum world. From Bell's theorem[l], it is understood that no local hidden variable 

1 theory could replace quantum theory as a theory of physical world. The existence of entangled states in composite 
quantum systems assures the non-local behavior of quantum theory. Generally, violation of Bell's inequality is taken 
as the signature of non-locality. Entangled states play an important role to show the violation of Bell's inequality. 
However non-locality can be viewed from other perspectives. For example, there exist sets of locally indistinguishable 

r— i orthogonal pure product states [2], used to show non-locality without entanglement. Recently introduced measurement 
induced non-locality [ ] (in short, MIN), is one of the ways to detect non- locality in quantum states by some locally 
invariant measurements. Locally invariant measurements can not affect global states in classical theory but this is 
possible in quantum theory. So MIN is a type of non-local correlation which can only exists in quantum domain. 
MIN is defined in such a way that it is non-negative for all states, invariant under local unitary and vanishes on 
product state. In this sense, MIN could be observed as a type of non-local correlation which is induced by certain 
measurement. Although it is induced by some measurement, it is not a measure of quantum correlation in true sense. 
But it can be treated as a measure of non-locality induced by some kind of measurement. 

Now a natural question arises about the shareability of quantum correlations in multipartite states. It may be 
monogamous or may be polygamous. It is known that entanglement is monogamous [ ]. In this work we will investigate 
— « the monogamous behavior of MIN. We will check the monogamy property for some classes of states in both three and 
four-qubit system. Unlike discord [ r '-7], here we will show that both the three qubit generalized GHZ and W states 
satisfy monogamy relations, however there is violations of monogamy relation if we consider the generic whole class 
of pure three qubit states. In the case of pure four-qubit system we consider the most important generic class of 
y—i states. It contains usual GHZ, maximally entangled states in the sense of Gour et.al. in[ ]. Most of the states satisfy 
monogamy relations. There are two important subclasses of the generic class, say, M. and T m i n . In one subclass 
monogamy holds but in another it does not. In particular, GHZ state violates monogamy relation and W satisfies it. 
Therefore, monogamous relations of MIN are quite different to that of some important measures of correlation [9, 10]. 
J> Our paper is organized as follows - in the section II we will review some of the basic properties of MIN. In section III 
we will explain and discuss about some four-qubit classes of states which we will require in our work. Section IV is 
devoted to the notion of monogamy for MIN. Section V contains results on pure three qubit systems and section VI 
contains results on four qubit system. 
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II. OVERVIEW ON MIN 

Consider p be any bipartite state shared between two parties A and B. Then MIN (denoted by N(p)) is defined by, 

iV(p):=max||p-n A 09)|| 2 (1) 

where maximum is over all Von Neumann measurements {II" 4 } which do not disturb pa, the local density matrix 
of A, i.e., Efcll^p^II^ = pA and |.| is taken as Hilbert Schmidt norm (i.e. || X ||= [Tr(X 1< X)]?). It is in some 
sense, dual to that of geometric measure of discord. Physically, MIN quantifies the global effect caused by locally 
invariant measurements. MIN has application in general dense coding, quantum state steering etc. MIN vanishes for 
product state and remains positive for entangled states. For pure states MIN reduces to linear entropy like geometric 
discord [ ]. Explicit formula of MIN for 2 <g> n system, m (8 n (if pa is non-degenerate) system and an explicit upper 
bound for m® n system were obtained by Luo, Fu in [3]. Later Mirafzali et.al. [11] formulate a way to reduce the 
problem of degeneracy in m <8> n system and evaluate it for 3 ® n dimensional system. MIN is invariant under local 
unitary, i.e., in true sense, it is a non-local correlation measure. The set of all zero MIN states is non-convex. Guo, 
Hou [ ] derived the conditions for the nullity of MIN. They have found that set of states with zero MIN is a proper 
subset of the set of all classical quantum states, i.e., zero discord states. MIN for classical quantum state vanishes if 
each eigen-subspace of pa is one dimensional. It therefore reveals that non-commutativity is the cause of these kind 
of non-locality in quantum states. Recently, in [13], MIN have been quantified in terms of relative entropy to give it 
another physical interpretation. However, in our work we have used the older definition of MIN. 

Suppose H A , H B be the Hilbert spaces associated with the parties A and B respectively and L(H A ), L{H B ) 
denote the Hilbert space of linear operators acting on H A , H B with the inner product defined by (X\Y) :— trX^Y . 
We state two important results which we will use in our work. 

Theorem l:(Luo, Fu [ ]) Let \ip) ab be any bipartite pure state with Schmidt decomposition \ip) ab — 
T,i yfsi\ai)A\Pi) B , then N(\i/j) ab ) = 1 ~ s h 



Theorem 2:(Luo, Fu [3]) If pab be any state of 2®n dimensional system written in the form 
1 I 



T A tB 3 jB jA n - 1 3 n - 1 

v v i=l v v i—1 i—1 7—1 



i>mj = —=— — + ;>,.<•,.*■• — + — y . a,*,- + 7.7. 'n.\rxf 



>2n 



where {X A : i=0,l,2,3\ and {Y B : j = 0, l,2..n 2 — 1} are the orthonormal hermitian operator bases for L(H A ) and 
L(H B ) respectively with X A = I A /V2,Y B = I B /^n. Then 

\trTT 1 - -J^afT^x ifx^O 
N(pab) = \ , INI (2) 
1 ' [trTTt-Xs ifx=0 W 

where the matrix T — (^j)3x(n 2 -i) with A3 being minimum eigenvalue of TT l and \\x\\ 2 ^X^ 2 -? withx— (x\, X2, £3)*- 

Before going to discuss monogamy properties of measurement induced non locality, specifically for three and four 
qubit systems, we first mention some important classes of states in four qubit systems with some discussions on their 
entanglement behavior. 



III. SOME SPECIAL FOUR QUBITS CLASSES 



Four qubit pure states can be classified in nine groups[14]. Among them the generic class is given by 

3 3 

A = (52 z i u i : N 2 = : ' Zi eC > i = °-. h 2 5 3} (3) 

j=0 j=0 

where ^ = \<f> + )\<f>+) , m = u 2 = |^+)|^ + ) and |0±) = (|00) ± \ll))/^2, |^±) = (jOl) ± |10))/V2. Consider 

two important subclasses M and r m i n of the generic class A which are defined as, 

33 3 

M = (£ z jUj : J2 l^l 2 = 1>E z * = °> ( 4 ) 

3=0 3=0 3=0 
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and 

3 3 

Tram = XjUj \ >) = 1, 6 R,J = 0, 1, 2, 3} (5) 

These two subclasses are important in the sense that Ai is the maximally entangled class and r m i„ have least amount 
of bipartite entanglement according to the definition of maximally entangled states, given by Gour et. al. in [8]. 
Consider a pure bipartite state \iPab) & C m ® C™. Then the tangle is defined as 

t ab = 2(1 - trp\) (6) 

where pa = Ttb\'4 ! ab){'4 1 ab\- Now for a pure state shared between four parties \4>abcd), three quantities r l5 r 2 , tabcd 
are defined as: 

T~l = ~^(ta\BCD + T B \ACD + Tc\ABD + Td\ABc) (?) 
T 2 = ^{taB\CD + T CA\BD + T DA\Bc) (8) 

tabcd = 4ti - 3t 2 (9) 

For the above two subclasses M. and T m i n we have n(.M) = 1, t 2 (M) — §, TA.Bcr>(A4) = and Ti(r mi „) = 1, 
T2(T min ) = 1, tabcd (T m in) = !• Four-qubit GHZ state belongs to the class r mi „. 



IV. MONOGAMY 



Monogamy is an important aspect in our physical world which restricts on the shareability of bipartite correlation. 
Entanglement is an example of quantum correlation which is monogamous w.r.t. the tangle [4]. Mathematically a 
correlation measure Q is said to be monogamous iff for any n-party state Pa 1 a 2 ..a„ the relation 

n 

Q(PA t A k ) < Q(pA t \A 1 A 2 ..A t -iA l+1 ..Aj (10) 

holds for all i = l,2...n. Now consider an n-party state pi 2 ...„. Let the locally invariant measurement is done 
on the party 1. Then MIN is defined as N{p 1 \ [2 ... n ) =|| P\2... n — n*(pi| 2 ... n ) || 2 , where = {7rJ fc } is the optimal 
measurement done by the party 1 which does not change its local density matrix, i.e., p\ — Sfc7rf fe /?i7rf fe . On the 
other hand, since p\ = Tr 2 3..„(pi 2 ..„) = Trj(Trpij),j — 2,3..n, the optimal measurement also does not change the 
local density matrices for all two-party reduced states of pi2...n of the kind, p±j = Tr2.3..j-i.j+i... n (pi,2...n)- Then 
EjN(jHj) > Ej \\PU - ni(py)H 2 - So in case of polygamy N{p 1]2 ... n ) < Ej \\pij ~ ^t{pij)f and if N(p 1{2 ._ M ) > 
Ej \\Pij ~~ (pij) || 2 then the state is monogamous w.r.t. MIN. 



V. MONOGAMY IN THREE QUBIT SYSTEM 



Any three qubit pure state \iPabc) has a generic form A o |000) + Aie ie |100) + A 2 |101) + A 3 |110) + A 4 
A, 6i,fle [0, 7r], Ei A? = 1[ ] . This class includes GHZ class. W class can also be availed by putting 
the general state \ipABc)i the reduced density matrix pab = Trc\4'ABc}(' l pABc\ has the form 



111), where 
A 4 = 0. For 





' \ 2 

A o 





AoAie 10 A0A3 













Pab = 


A A ie * e 





A? + \\ AiA 3 e i9 + A 2 A 




A0A3 





AiAae-* 9 + A 2 A 4 A, + \\ 



Then the correlation matrix T — (ir/)3 X 3, as obtained from the relation tij = tr(p 
the Pauli matrices, is 



V2^ V2 



),i,3 = l,2,3;CTj's being 



T 



A0A3 


— A1A3 cos 



9 — A9A4 



AoAicos^ 
— A0A3 — AoAisin# 
-Ai A 3 sin 9 0.5 - \\- X 
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Other reduced density matrix pac an d its corresponding correlation matrix could be written at once from pab 
and T by only inter changing A2 and A3. Coherent vector for both the reduced density matrices is x = 
(A0A1 cos 6*, — A A! sin 6, A 2 , — 0.5)*. 

Clearly, || x ||= iff Ag = 0.5, Xj = 0. In case of || x ||= we have, 



N(pab) = 2a + c- min{a, ^(a + c - ^{a - c) 2 + Ab 2 )} 



(11) 



N(pac) = 2.9 + k - mm{g, ±(g + k - ^ {g - k) 2 + Ab 2 )} 



(12) 



N(pa\bc) = 0.5 



(13) 



where a = A§A§,6 = -A A 2 A 3 A4,c = X 2 X 2 + (0.5 - A§) 2 ,. 9 = A§A|,fc = X^Xj + (0.5 - A 2 ) 2 with A 2 = 0.5. Now the 
minimum value of N(p A b) + N(pac) is 0.5. So in case of 1 1 x 1 1 — monogamy is violated for most of the states. 
Numerical simulation of 10 6 states shows that around 0.02% of three qubit generic states and around 20% W class 
states satisfy monogamy. 
When j| x |j^ we have 



N(pA\Bc) = ^ 2 (^ + ^ + Xl) 



(14) 



N(pab) =a + b + c- F - T ^x*TT*x 



(15) 



N(pac) =9 + f + k 



x 



(16) 



where a = A 2 A 2 + A 2 A? cos 2 (9, b = X 2 X 2 + X 2 X 2 sm 2 9, c = (A 2 A 4 + AiA 3 cosfl) 2 + A 2 A 2 sin 2 6> + (0.5 — A 2 — A 2 ) 2 , 
g = A 2 A 2 + A 2 A 2 cos 2 9, f = A 2 A 2 + A 2 A 2 sin 2 0, k = (A3A4 + AiA 2 cosfl) 2 + A 2 A 2 sin 2 9 + (0.5 - A 2 - A 2 ) 2 . Now the 
maximum value of N(pab) + N{pac) is 0.5. Hence three qubit pure states with || x ||^ satisfies the monogamy 
relation. Specifically, the three qubit generalized GHZ class of pure states (a 1 000) + /5| 1 1 1) ) is monogamous in the 
region a 7^ f3 (equivalent to || x \\^ 0)) and the monogamy relation holds good with equality if a = /3(= 

(equivalent to || x ||= 0). In the three qubit generalized W-Class states(a|001) + /?|010) + 7|001)) we have N(pab) + 
N(pac) = N{pa\bc) = 2|a| 2 (l — M 2 )- That is the monogamy relation holds with equality. 

VI. MONOGAMY IN FOUR QUBIT SYSTEM 

Consider a four-qubit generic pure state \4>abcd) which is shared between four parties A, B, C, D (i.e.,\ip A BCD) € A) 
where 



3 3 

\iPabcd) = ^ZjUj, M 2 = !■ 

3=0 3=0 



(17) 



We consider the two-qubit reduced density matrices pab,Pac an d Pad of p = \^Pabcd)(^abcd\- Each reduced 
density matrix is of the form 



a \3 

7 5 

8 7 

j3 a 



where a,/3,j, 6 are some suitable functions of zq, z\, z%, £3 such that a, 13,7,6 e M 
quantities a = zq + z\, b = zq — z\, c = Z2 + Z3, d = Z2 — Z3. Then for pab- ol = 2(|zq| 2 ■ 



2(\z 2 \ 2 + \z 3 \ 2 ),S 



and a + 7 = 
-M 2 ),/? = 2( 



2. We define 4 

^o| 2 -M 2 ),7 = 



2(|z 2 | 2 - |z 3 | 2 ); for PAC : a 



Pad: a = (\a\ 2 + \d\ 2 ),(3 = 2Re{ad), 1 = 2(|6| 2 + \c\ 2 ),S 



\c\ 2 ),§ = 2i?e(ac),7 = 2(|fe| 2 + \d\ 2 ), S = 2Re(bd) and for 
2Re(bc). The elements of the correlation matrix T can be 
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obtained from = tr(pAxXi <E)Yj), X = B,C, D. Eigenvalues of the matrix TT* are of the form fc(/3± S) 2 , k(a — r )) 2 
with k = jg. The coherent vector x = (x%, X2, £3)* as obtained from the relation Xi = tr(pAxXi <8 I), X = B, C, D 
is zero for all the three cases. Hence we have(by theorem 2), 

N{p AX ) = k. [2((3 2 + 5 2 ) + {a - 7 ) 2 ] - A 3 where X = B,C,D (18) 

and 

A 3 = k. min{{!3 + 6) 2 , (a - 7 ) 2 , (/? - 5) 2 } 

On the other hand, we can write the state pa\bcd hi the form ^(|O0o) + ll^i)) where \<fio), \<j>i) are mutually 
orthonormal. Since this is a pure state we have N(pa\bcd) — 0.5 (using theorem 1). Numerical simulation for 10 6 
generic states shows that about 66% of them satisfies monogamy relation. Hence in general four-qubit generic class 
is not monogamous w.r.t. MIN. So there exist quantum state whose locally shared non-locality exceeds the amount 
of globally shared non-locality. 




10 simulation shows about 34% violation of monogamy for the generic class A. The red line marks the departure from 

monogamy. 

However for the sub classes M. and T m i n we can still check whether monogamy relation holds or not and if not then 
what is the amount of violation. These things will be clear in the next few results. 

Theorem 3: Consider a four-qubit system. Then for any pure state p belonging to the generic class A we 
have N(pxy) < (Ei=i ^») "where pxy denotes any bipartite reduced density matrix of p and A; 's are the eigenvalues 
of TT 1 , T being the correlation matrix of pxy ■ 

Proof: The proof of the theorem is very easy as it directly follows form Theorem 2 keeping in mind that the 
eigenvalues of TT* are all positive and the Bloch vector ||x|| = for all bipartite reduced states of any generic state. 
We will use this theorem in our proof of the the next two results. □ 

Theorem 4: Let pabcd be any four-qubit pure state belonging to the class M.. Then N(pab)+N (pac)+N (pad) < \ 

Proof: Let us consider any four qubit pure state pabcd = \iP)abcd(iP\ belonging to the class M. i.e., 

W)abcd = Ej=o z j u J' with Yfj=o\ z j? = l iY? 3 =Q z2 j = 0- Then > taking Zj = x 3 + i.yj Vj = 0,1,2,3;^-,^ G K 

and utilizing the above restrictions, we get Y^=o x j = S^=o Vj = \ an< ^ ^2ij=o x jVj ~ 0- The fruitful implemen- 
tation of the result of previous theorem and simple algebraic manipulations using these results lead to the fact 
N(p AB )+N(p A c) + N(p AD ) < i.D 

Theorem 5: Let pabcd be any four-qubit pure state belonging to the class T m i n .Then | < N(pab) + N(pac) + 
N(pad) < § ■ 

Proof: Let us consider any four-qubit pure state pabcd — \ip) abcd(iP\, belonging to the class T m i n i.e., 
\vj)abcd — J^j=o x j u j' with Y^j=o x2 j — 1 and x j € K,j = 0,1,2,3. Now let us denote the sets of eigenvalues 
of Pab,Pac and pad as {Xf B , \£ B , X$ B }, {Xf c , A^ c , Xf c } and {Xf D , X$ D , \£ D } respectively. Without loss of 
generality we can consider, Xf B > X^ B > A^ s ,Vi, j, k = 1, 2, 3 with i ^ j ^ k. This above consideration gives natural 
connections among the eigenvalues of pac and also pad- These are Xf c > X^ c > X^ c and Xf D > Xf D > X^ D , 
Vi, j, k = 1, 2, 3 with i =/= j =/= k. Observing the behavior of the eigenvalues and straight forward derivation quite easily 
establish the desired result, i.e., \ < N(pab) + N(pac) + N(pad) < f -D 
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These two results give us information about the monogamous behavior of MIN in two important classes of 
four-qubit system. Since, N(p^ BCD ) = | in the whole class A, therefore, MIN is monogamous in the subclass M. but 
it is polygamous in other class T m i n - Further, all the states that are connected to these classes by LU, share the same 
fate. Four-qubit GHZ state belongs to the class r m ,„. Hence GHZ and their LU equivalent states are not monogamous 
w.r.t MIN. Another two states(and obviously their LU equivalent states) \L) — ~^{uq +u 2 U2) where uj = e~^~ 

and \M) = -^uq + + u 2 + U3) which maximize the Tsallis a-entropy for different regions of a [8], satisfy the 

monogamy relation of MIN. On the other hand the four-qubit cluster states satisfies the monogamy relation as their 
two party reduced density matrices are completely mixed (i.e., MIN is zero). For four-qubit generalized W-states 
p w = a|1000)+/3|0100)+7|0010)+(5|0001) where |a| 2 + |^| 2 + |7| 2 + |<S| 2 = 1, monogamy relation holds with equality, i.e., 
it can be easily shown (as in the three-qubit case) that N(pJ B ) + N(pJ c ) + N{p% D ) = N{p%, BCD ) = 2|a| 2 (l - \a\ 2 ). 
Hence for this type of states non-locality shows additive property with respect to each party. This result of generalized 
W- class can be further extended to n-qubit system with the same conclusion. 



VII. CONCLUSION 



Thus we have explored the monogamy nature of MIN and found certain classes of states on which MIN shows 
monogamy relations. Unlike geometric discord, [7] MIN can be polygamous for pure state as revealed in some subclass 
of generic class. On the other hand, W-class seems to satisfy the monogamy relation with equality in n-qubit system. 
So for the W-class MIN becomes additive in terms of sharing between the parties. Thus existence of Monogamy of 
this type of correlation put a restriction on the amount of shared non-locality. 
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